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ABSTRACT

Data reduction is a preprocessing technique which makes &g seemingly intractable
instances of a problem small and tractable. This technisjofeén acknowledged as one
of the most powerful methods to cope with the intractaboitgertain NP-complete prob-
lems. Heuristics for reducing data can often be seen astieduales, if considered from
a parameterized complexity viewpoint. Using reductioresuio transform the instances
of a parameterized problem into equivalent instances, svih bounded by a function of

the parameter, is known as kernelization.

This thesis introduces and develops an approach to degidirm algorithms based on
effective kernelizations. This method is called tinethod of extremal structureThe
method operates following a paradigm presented by two lesntha kernelization and
boundary lemmas. The boundary lemma is used to find theal&tzinds on the max-
imum size of an instance reduced under an adequate set afticedwiles. The kernel-
ization lemma is invoked to decide the instances which agetathanf (k) for some

function f depending only on the parameter

The first aim of thanethod of extremal structuris to provide a systematic way to dis-
cover reduction rules for fixed-parameter tractable prolsleThe second is to devise an
analytical way to find theoretical bounds for the size of késrior those problems. These

two aims are achieved with the aid of combinatorial extreanglments.

Furthermore, this thesis shows how tiethod of extremal structurean be applied to
effectively solve several NP-complete problems, namefxMCUT, MAX LEAF SPAN-
NING TREE, NONBLOCKER, s-STAR PACKING, EDGE-DISJOINT TRIANGLE PACKING,

MAX INTERNAL SPANNING TREE and MINIMUM MAXIMAL MATCHING.
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INTRODUCTION

1.1 MOTIVATION

The search for better and faster algorithms for optimizgpi@blems has been the focus of
the efforts of countless mathematicians and computerssigfor the past hundred years.
Since the beginning of this search it was noticed that sommiel@ms seemed intrinsically
harder to solve than others. The need to classify thesegsbby their apparent diffi-
culty led to the creation of the field of computational conxiletheory. In the context of
this theory, problems which can be solved by polynomiaktieterministic algorithms
are said to belong to the class P and those which can be sobveteterministically in
polynomial time are said to belong to the class NP. Within N dlass of NP-complete
problems encompasses all those problems that are at lehaté$so solve as any other
problem in the class. It is generally believed that thesechidplete problems are not

solvable in deterministic polynomial time [G02].

Many of these NP-complete problems arise naturally in fiefdspplication such as net-
working, biology, systems design, operations researah, ahd thus it is of extreme
importance to solve them, and solve them using the bestlgesagorithms. Towards
this end, many different approaches have proved useful dbiese approaches is to ex-
plore various parameterizations, determine whether thdtreg parameterized problems
are fixed-parameter tractable, and if so, attempt to find &t possible FT algorithms
to solve them [DF99, Nie02]. Another approach is to redueesilze of the input data.

Weihe [Wei98] presented an example that deals with an NPpetaEteproblem arising in
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the context of the European railroad network. This netwak 25,000 stations, 140,000
trains and 1,600,000 train stops. In a preprocessing phasalata reduction rules were
exhaustively applied. When these rules could no longer péeapthe network was split

into connected components of size seven or less. For eatlesd tomponents a brute-

force algorithm sufficed to solve the problem optimally.

Efficient preprocessing and parameterized complexity eme/in the FT algorithm de-
sign area of kernelization. Heuristics for reducing data efien be seen as reduction
rules if considered from a parameterized complexity viempdJsing reduction rules to
transform the instances of a parameterized problem intovalgnt instances with size

bounded by a function of the parameter is known as kernalizat

This thesis exposits a method to find fixed-parameter trectdgorithms in a systematic
way based on effective kernelizations. This method is dalle method of extremal
structure We study this method and several algorithmic variants,atestrating how it

can be used to address several NP-complete problems.

The ideas which constitute the core of tmethod of extremal structurérst appeared

in 2000 in a paper by Fellows, McCartin, Rosamond, and St€&ymrdinatized Ker-
nels and Catalytic Reductions: An ImprovieelT Algorithm for Max Leaf Spanning Tree
and Other Problems[FM+00]. In this paper, the authors introduced a new metihad t
they called themethod of coordinatized kernel3 his method was based on kerneliza-
tion techniques and ideas from extremal combinatoricshWi¢method of coordinatized
kernelsa model was proposed which could be used to solve a wide yarigiroblems.
This model seeks to transform, in polynomial time, instar{éek) of a problenP into
equivalent smaller instancég, k). These transformations are known as reduction rules.
Once the instances are no longer susceptible to thesedrarafons (the instances are
reduced, akernelization lemmaés invoked to decide the instances which are larger than

f (k) for some functiory depending only on the parameter

The first aim of thenethod of extremal structuns to provide a systematic way to guide
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the process of discovering reduction rules for fixed-patamiactable problems. The
second is to find an easy way to obtain theoretical bound$ésize of kernels for those
problems. These aims are achieved with the aid of combilatxtremal arguments via

aboundary lemma

1.2 DEFINITIONS

1.2.1 (GRAPH THEORY
The notation we use coincides with that of Bollobas [BolTBpI98] and Diestel [Die97].

A graph is denoted? = (V, E). When we refer to the set of vertices of the graph we
will write V' (G) or simplyV if it is clear from the context what graph we are referring to.
An edgebetween two vertices andv is denotedu, v). The setF/(G) denotes the set of
edges of the graph, although it will generally be writtenFasVe will assume all graphs
are simple (at most one edge exists between two verticedpaptess (every edge must
have two different endpoints). For any two subsets of vestic C V andY C V, the

set of all edges itE with one endpoint inX" and the other irt” will be written E(X,Y).

A graphG’ = (V', E') is asubgraphof a graphG = (V, E) if V/ C V andE’' C E. A
subgraphinducedby a subset of verticeS C V" will be denoted by(S) and consists of
the vertices inS plus all the edges iy which have both endpoints ifl. The edges of
that graph will be noted(.S). Thesizeof a setS will be denoted.S|.

LetG = (V, E) andG’ = (V', E’) be two graphs. We say th@tandG’ areisomorphidf
there exists a bijectiop : V' — V' such tha{u, v) € E if and only if (¢p(u), ¢(v)) € E

for all w andv in V.

Two verticesu andv in G areadjacent or neighbors if (u,v) € E. N(v) denotes the
open neighborhoodf a vertexv, i.e.,N(v) = {u|(u,v) € E}. Then,N[v] := N(v)U{v}
is theclosed neighborhoodf v. Given a subset of vertices we also useéV(S) andN|[S]

to denote the union of open and closed neighborhoods otesrinsS, respectively.
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The degree of a vertex is the number of vertices in its open neighborhood, that is
deg(v) = |N(v)|. If deg(v) = 0 thenv is termedisolated. Given a subset of vertices
S C V(G), we definedegis(v) = |[N(v) N S].

We say that: € V' is acommon neighboof a pair of distinct verticegw;, w,} if both
(u,wq) and(u, wy) are iNE(G). In this situation, if there exists an edge betwegrand

wy, then we say thai spansthe edggw,, w,).

If G = (V,E)isagraph and € V, thenG \ v denotes the graph obtained frakhby
deletingv (and of course all incident edges). Conversély, v is obtained from by
adding a (new) isolated vertex and, given two vertices # ¢’ from G, we arrive at
G U (v,?") by adding the edgév, ') to E. Similarly, G ~ H for H C V denotes the
graph obtained frond: by deleting all the vertices i/ together with all incident edges
to H. If v # o' are two vertices i’ = (V, E), thenG/,.,,»; denotes the graph obtained

from G by mergingv andv’ € V' into a new vertex < v’ with

N+ o) = (Nw)UN@W")) ~ {v,v'}.

A pathP = (V' E') is a non-empty graph of the forii’ = {z¢,z1,..., 2}, E' =
{(z0, 1), (x1,29), ..., (xk_1,z¢) }, Where ther; are all distinct. The vertices, andz,
are called the endpoints @&f. The length ofP is defined as its number of edges, and the

path of lengthk is denoted byP,.

If all vertices in a grapli = (V, F) are pairwise adjacent, théhis complete A complete
graph om vertices is denoted’,,. A K3 is a triangle. A grapltz = (V, E) is bipartite if

it admits a partition o¥” into two subsets such that no two vertices within the samsetub
are adjacent. A bipartite graph such that every pair of gragtices in the two sets are
adjacent is called aomplete bipartitegraph. If one of the sets has cardinality one then

the complete bipartite graph is calledtar and denotedy, ,,.

A graph isplanar if it can be drawn in a plane without graph edges crossing. aplgr
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is regular if all its vertices have the same degree. A non-empty gr@ps connectedf
any two of its vertices are linked by a pathGh A maximal connected subgraph Gfis

called acomponenof G.

A bridge (u,v) € E(G) in a connected component of a grahs an edge whose dele-
tion disconnects the component. Articulation vertexof a connected graph is a vertex
whose removal will disconnect the graph. In general, ac@gtion vertex is a node of
a graph whose removal increases the number of components. tid since at least a
new component is generated by the removail oive can always group the newly gen-
erated components into two disjoint componeitsand Y, not necessarily connected
themselves. In this context we say thatandY are the two componentwising from
the removal ofu in G. A connected graph with no articulation vertices is saidedb
connectedIf A, B C V andX C V U E are such every path from to B in G contains

a vertex or an edge fronY, we say thatX separateshe sets4A andB in G. In general,

such a sefX will be called aseparator

If P=xg,z1,...,74iS @apath and > 2, then the grapt® U (zy, ) is called acycle A
graph not containing any cycles is calladyclic A treeis a connected acyclic graph. A
spanning tred’ of a graphGG = (V, E) is a subgraph of; that contains all the vertices of

G andis a tree.

We say that a vertex € V(T') is internalin T' if there exist at least two verticesandw
such thatu, w € V(T) and(u,v), (v,w) € E(T). Any vertex inT which is not internal

in T is aleaf.

Each edg€u, v) in a spanning tre@ of a graphG induces an orientation ifi. This
orientation induces two subtrees’n 7,, and7,, which we use to denote the subtree to
the left and the subtree to the right of the edgev). Two vertices inG are said to be in
different subtrees dfu, v) if one of them is in the left subtree and the other is in thetrigh

subtree.
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A matchingon a graphG is a set of edges i¥(G) such that no two of them share a
common endpoint. Aerfect matchings a matching such that all vertices in the graph

are endpoints of some edge in the matching.

We use the following lemma (based on Stirling’s formula)c®mve have a linear kernel
for a problem, to calculate the number of subsets of sizentained in the kernel. It is

quite handy and often gives a considerably smaller boundttie“naive” O (2%*):

Lemma 1.1 For any fixeda > 1,

Proof of Lemma 1.1.

ak B (ak)!
v | T (ak— k)R

mk%_ = (—’“) () (ot )(ank

Q

1.2.2 COMPLEXITY THEORY

The notation we use coincides with that of Garey and Johnsdii9] and Ausiello et al.

[AC+99].
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A problemP is a relation between a s&tof problem instances arf¢lD L, a set of problem

solutions.

There are different kinds of problems depending on the dbarniatics of the set§ and
SOL and the relatiorP. In this thesis we will be working with a subclass of problems
called decision problems. A problef is a decision problenif SOL ={Y ES,No}.
Hence, a problerP is a decision problem if the s@t can be partitioned into a sét

of YEs-instances and a séf, of No-instances, and the problem asks, for any instance

I € 7, to verify whetherl € Yp.

Definition 1.1 We say that a decision problem is khif it can be solved in polynomial
time by a deterministic Turing Machine. We say that a probkemNP if it can be solved

in polynomial time by a nondeterministic Turing Machine.

Definition 1.2 We say that a decision problefis reducible to another probler®’, if
there exists a polynomial-time deterministic algorithmahhransforms instancel € 7'

of P into instanced € 7 of P, such that/ € Yy ifand only ifI’ € Yp.

Definition 1.3 A decision probler® is NP-complete if

1. Pisin NP and

2. P is NP-hard, i.e. every other problem in NP is reducible to it.

A consequence of this definition is that if we had a polynormaé algorithm forP, we

could solve all problems in NP in polynomial time.

In this thesis we address a number of problems and compareesuits with previous
work. When doing so we often resort to known approximaticults for those problems.

Approximation results deal with another subclass of pnoilsieoptimization problems. An
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optimization problen® is characterized by a quadruple of objeIsSO L, m»p, goalp),

where:

1. the sefl is the set of instances @t;

2. the functionSOL is a function that associates to any instaice 7 the set of

feasible solutions of;

3. the functionmyp is a measure function, defined for paiis S) such thatl € 7
andS € SOL(I). For every such paifl, S), mp(I, S) provides a positive integer

which is the value of the feasible solutiéh

4. goalp € {MIN, MAX} specifies whetheP is a minimization or a maximization

problem.

Given an instancé, we denote bysO L*(I) the set of optimal solutions df. That is, for

everyS*(I) such thats*(I) € SOL*(I):
mp(I,S*(I)) = goalp{v|v =mp(I,S) NS € SOL(I)}

The value of any optimal solutio$* (/) of I will be denoted asn},(I). It is important to

notice that any optimization problef has an associated decision probBm[AC+99].

Definition 1.4 AnoptimizationproblemP = (Z, SOL, mp, goalp) belongs to the class

NPo if the following holds:

1. the set of instancesis recognizable in polynomial time;

2. there exists a polynomial such that, given an instanck € Z, for any S €
SOL(I),|S| < q(]I]). Moreover, for anyl and for anyS with |S| < ¢(]1]), it
is decidable in polynomial time whethgre SOL(I);
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3. the functionmp is computable in polynomial time.

Theorem 1.1 [AC+99] For any optimization probler® in NPo, the corresponding de-
cision problenP, belongs ta\P.

Definition 1.5 An approximation algorithnA for an NPo problem?P is an algorithm

which given any instancEreturns a feasible solutioA(7) € SOL(I).

Definition 1.6 Given anNPo problem?P, an instance of the problethand a feasible

solutionS, the performance ratio of with respect td is defined as

R(I,S)Zmax(mp I’?) mp(I )

(
my (1) “mp(1,S)
Definition 1.7 Anapproximation algorithrA foranNPo problemP is ancs-approximate
algorithm if given any instancg the performance ratio of the approximate soluti(Y)
is bounded by, that is:

R(I,A(I)) <.

Definition 1.8 The clas®APX is the class oNPo problemsP such that, for some > 1,

there exists a polynomial timeapproximate algorithm foP.

A problem is Apx-hard if there exists some constant> 0 such that it is NP-hard to
approximate the problem within a factor @f+ ). A problem which is both in &x and

ApPx-hard is called an Ax-complete problem

Definition 1.9 An approximation algorithmA for an NPo problem?P is said to be a
polynomial-time approximation scheme fBrif for any instancel/ and rational value
e > 1, whenA is applied to(7,¢) it returns ane-approximate solution of in time

polynomial in|I|.
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Definition 1.10 The classPTAS is the class oNPoO problems that admit a polynomial-

time approximation scheme.

The class Mx SNP (containing e.g. MXIMUM 3-SATISFIABILITY and MAXIMUM
CuT) has been shown to be identical t®PA [KM+99]. Therefore, we use the term

APx-complete instead of Mx SNP-complete and &x-hard instead of Mx SNP-hard.

1.3 PARAMETERIZED COMPLEXITY

In classical computational complexity theory, a decisioobtem is specified by two
items: the input to the problem and the question to be anslveBecision problems

such as \ERTEX COVER and DOMINATING SET are thus generally expressed as follows:

VERTEX COVER !
Instance: A grapld’ = (V, E') and a positive integek
Question: Isthere a subsét C V' of sizek such that for all edges

(v1,v9) € E eitherv; € V' orvy € V'?

DOMINATING SET 2
Instance: A grapld’ = (V, E') and a positive integet
Question: Isthere a subsét C V' of sizek such that for each vertex

u € V there is a € V' such that the edge:, v) € E?

Although both problems are NP-complete from a classical ptexrity viewpoint, the
introduction ofk as a parameter provides a new approach to their complexifter A
many rounds of improvement on algorithms which efficientiyve the problems, the
best known algorithm for ¥RTEX COVER runs in timeO(1.2745%k* + k|V|) [CGO4].
Fomin et al. [FKWO04] give the best exact algorithm to dateichthas a time complexity
of O(1.93782/1), for DOMINATING SET.

The sefl’’ is called avertex covefor G.
2The sefl’’ is called adominating sefor G.
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In parameterized complexity, a third element of informati® added: the aspects of the
input which constitute the parameter. In this context, Deyvand Fellows introduce the

following definition:

Definition 1.11 A parameterized problem is a subgetC >* x ¥*

For notational convenience we will consider tHatC >*x N, since the parameter is a

positive integer in all the examples shown in this thesis.

Definition 1.12 (Fixed Parameter Tractability) A parameterized probl@s fixed-parameter
tractablef there is an algorithm that correctly decides for indut &) € ¥* x N, whether
(I,k) € Pintimef(k)+n®, wheren is the size of the input, | I| = n, k is the parameter,

« is a constant (independent bfandn) and f is an arbitrary function.

The class of fixed-parameter tractable parameterized gmobis denoted#. It is to be
noted that PT is unchanged if the definition above is modified by replacfitg) + n*
by f(k)n® [CC+97].

An algorithm running in timef (k) +n® to decide a probler® is called an FT algorithm
If the FPT algorithm outputs ¥s then the instancél, k) € P and we say that/, k) is

a YEs-instance forP. Otherwise we say/, k) is a No-instance.

Using Definition 1.12 and the algorithm in [CG04] we can sest MERTEX COVER is
fixed-parameter tractable. However, it is not believed #latlP-complete problems are
fixed-parameter tractable. In factOMINATING SET is not believed to be likely to be in

FPT.

Apparent fixed-parameteéntractability is established via a completeness program. The

main sequence of parameterized complexity classes is

FPTCW]CW[2]C...CW[]C...CW[P]C AW[P]C XP
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This sequence is commonly termed fliehierarchy . The complexity clad§’[1] is the

parameterized analog of NP. The defining complete probleifd] is:

k-STEP NDTM HALTING PROBLEM
Instance: A nondeterministic Turing machineo(fW) M and a stringe
Parameter. A positive integér

Question: Doed/ have a computation path acceptingn at mostk steps?

In the same sense that NP-completenessoaffROMIAL TIME NDTM HALTING PROB-
LEM provides us with strong evidence that no NP-complete prolidelikely to be solv-
able in polynomial time W [1]-completeness ok-STEP NDTM HALTING PROBLEM
provides us with strong evidence that H0[1]-complete problem is likely to be fixed-

parameter tractable [DF95Db].

Heavy computational machinery is necessary to prove tadIRATING SET is complete
for the clasgV[2] and thus not likely to be in#r. For a more in-depth study of th& ]
hierarchy and its structural complexity we refer readertheocomprehensive study on

parameterized complexity by Downey and Fellows [DF99].

Definition 1.13 A parameterized probler® is many:one parametrically reducible to a
parameterized probler®’ if there is anFPT algorithm that transforms!, k) into (I', k')

so that:

1. (I,k) € Pifandonly if(I’, k") € P, and
2. k' < g(k) (whereg is an unrestricted functiork’ is purely a function of)
Since the running time of a fixed-parameter tractable algaoris a function of botm =

|I| andk, it will thus be expressed a8(f(k)n*) wheref is the fixed parameter. There

is an alternative notation used by Woeginger [Woe03] foregping the running time of
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algorithms. In this notation the running time is expresse®a(f(k)) = O(f(k)n®).
Throughout this thesis we will also use this modified big-@kation that suppresses all

other (polynomially bounded) terms that depend on the dileeoinstancd .

1.4 KERNELIZATION

Many different techniques are used to devel@x Ralgorithms [DF99]. Informally, we
can think of these techniques as being divided into two ggotlpose contributing to the

f (k) game and those contributing to theernelization gam@-el03].

The techniques involved in th& k) gameaim to improve the functiorf (k) defined in
the previous section. The usefulness of this game is emgithsising theD*(f(k))
notation when giving the running time of the algorithms. hoyements to the algorithms
in the f(k) game may arise from the use of methods for integer linearraroming,
shrinking search trees by dynamic programming, color agpdignamic programming on

tree decompositions, etc. For a review of these techniqaea®fer the reader to [Nie02].

In this thesis we will focus on the other game, #ternelization game A kernelizable

problem is formally defined as follows:

Definition 1.14 A parameterized problef is kernelizable if there is a parametric trans-

formation ofP to itself that satisfies:

1. The running time of the transformation @f, k) into (I', k'), where|I| = n, is
bounded by a polynomialn, k) (so that in fact this is a polynomial time transfor-
mation ofP to itself, considered classically, although with the agtdtial structure

of a parametric reduction),
2. k' <k,and

3. |I'| < h(k), whereh is an arbitrary function.
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Thekernelof a problem is the transformed instar{dé £’) defined above.

Itis important to note the following result, which gives g link between the two games:

Lemma 1.2 [DFS99] A recursive parameterized problgnis in FPTif and only if it is

kernelizable.

Proof of Lemma 1.2.

(«<:) If the parameterized problerR is kernelizable then the size of any transformed
instance can be bounded by a functionkof Hence the running time of an algorithm
deciding a transformed instan¢g, k') would be dependent only dn Since the trans-
formation can be performed in polynomial time, the totalmumg time of the algorithm
deciding an instanc€, k) would beO(n* + f(k)) and thusP is in FPT.

(=:) A problem is in FPT, if there is a constant > 1 and a functionf (k) such that we
can determine if/, k) €P intime O(n* + f(k)). Our kernelization algorithm foP

considers two cases:
1. If k < f~'(n) then in timeO(n®) we can simply answer the question.
2. Ifk > f~'(n) thenn < f(k) and the instancll, k) already belongs to the problem

kernel.

O

All techniques are worth using and combining, as they mag teassubstantial improve-
ments in the algorithms we design and also to new strategjigsdctical implementations
of these algorithms [AL+03, DR+03].

As pointed out by Fellows [Fel03], both games can also beidersd as giving a solid
mathematical foundation to two basic techniques for desgygood practical heuristics

which solve “hard problems™:
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» “Branch and cut” and similar paradigms often corresponsarch tree based pa-
rameterized algorithms, the parameter being the heighedd¢arch tree. Heuristics

for cutting off subtrees can often be analyzed in the paranzetd setting.

 “Data reduction” is the principal preprocessing techeigthich often makes seem-
ingly intractable huge instances small and tractable. idgcs for reducing data
can be often seen as “reduction rules”, if considered fronararpeterized view-

point.

The idea of kernelization can be illustrated using trERVEX COVER problem. Samuel
Buss’ preprocessing algorithm [DF99] in Table 1.1 can bdiago any instancéG, k)

of VERTEX COVER.

Step 1. Find all vertices in G of degree greater than
k, let p be the nunmber of such vertices.

Step 2. If p>k, then answer No and halt.

Step 3. Else, discard all p vertices of degree at |east
k and edges incident to these vertices and | et
k'=Fk—np.

Step 4. If the resulting graph G' has nore than k'(k + 1)
vertices, or nore than k'k edges, answer No and
hal t.

Table 1.1: Preprocessing algorithm foERTEX COVER.

When the algorithm terminat€s has size bounded by(k) = &'(k+1). Hence, \ERTEX
CovEeRis kernelizable. Steps 1 and 2 of the algorithm are correay. Vertex with degree
higher thank is part of ak-vertex cover, as otherwise all its neighbors must be iresiud
in the vertex cover. If we have more tharmf those, we immediately have aoNnstance.
Step 3 of the algorithm in Table 1.1 is also correct: ifas degree greater thanit would
always be better to include in V' instead of all its neighbors. Furthe¥, vertices of
degree at most can cover at most'k edges, incident té’(k + 1) vertices. This last fact

provides thet'(k + 1) = (k — p)(k + 1) = O(k?*) bound claimed in Step 4. This type
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of kernel is known agjuadraticas it is quadratic irk. A better kernelization for ¥RTEX
CovER s given by a result of Nemhauser and Trotter [NT75] prowidansize2k kernel,
linear ink [CKJO1].

Deleting vertices of high degree irBkTEX COVER is what we call aeduction rule For-
mally, a reduction rule is a parametric transformation ofrestance(/, k) into (I', k'),
wherek’ = f(k) for some functionf. If |I| = n, the running time of the transforma-
tion must be bounded by a polynomigh, k), so that, in fact, this is a polynomial time

transformation as stated in Definition 1.14.

When we prove theoundnessf a reduction rule for a problerR, what we prove is that

(I, k) is a YES-instance forP if and only if (I, £") is a YES-instance forP.

Continuing with the \ERTEX COVER example, if the instance i€7, k) and G has a
pendant vertex adjacent to a vertex (i.e.,v has degree one andis its neighbor in=),
then it would not be worse, and could be better, to includtethe vertex cover instead of
v. Hence(G, k) can be reduced t@', k£ — 1), whereG’ = G \ u is obtained fronG by

deletingu.

One of the most important features of reduction rules isttiney cancascade after we
apply one of them another one may be triggered. ieducible instance (also called
reducedinstance) of a probler® with respect to a set of reduction rul&ss an instance
which is no longer susceptible to the application of any efréduction rules . How-
ever, we must ensure that the different reduction rules dtrigger each other ending up
in circular arguments. In the case of the®TeEx COVER problem, some more compli-
cated and much less obvious reduction rules can be founceinutrent state-of-the-art
FPT algorithms (see [BFR98, DFS99, NR99, Ste00, CKJO1, CGO04)).
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1.5 CROWN REDUCTIONS

There is a type of reduction rule which plays a significané fial this thesis, therown
reduction Traditionally, most reduction rules were limited to retian rules based on
the structure of a fixed number of vertices. In [CFJ04] anotyyee of reduction rule was

introduced which uses global structures of the followinggty

Definition 1.15 A crown decomposition of a gragh = (V, E) is a partition of the set of

vertices of the graph into three non-empty gét€” and X with the following properties:
1. H (the head)s a separator inz such that there are no edgesGhbetween vertices
belonging toC' and vertices belonging t& .

2. C = C,uUd,, (the crown)is an independent set @, andC,, C,,, form a partition
of C.

3. |Cn| = |H|, and there is a perfect matching betwegn and H.
Some problems whose instances admit crown decompositamsave reduction rules
using these decompositions. These reduction rules aedcatiwn reductions

We now illustrate, using the 8RTEX COVER example, how an instandé-, k) of this
problem that admits a crown decomposition, can be reduceoh tequivalent instance

(G', k") whereG' is obtained fromG by deleting both set§’ andH andk' = k — |H|.

Reduction Rule 1 [CFJO04] Let (G, k) be a graph instance that admits a crown decompo-
sition(C, H, X). LetG’ beG after deleting andC'. TransformG, k) into (G', k—|H]|).

Soundness Lemma 1Reduction Rule 1 is sound.

Proof of Soundness Lemma 1.
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(<:)If G' has a vertex cover of size— |H| thenG has a vertex cover of
sizek as we can place the vertices ih in the vertex cover. Sincé€' is an
independent set, the vertices khwill cover all edges we are adding to the

graph.

(=:) We must show that iff has a vertex cover of siZzethenG’ has a vertex
cover of sizek — |H|. SinceH is matched int@' there existH| independent
edges in(C' U H). All these edges must be covered by some vertex and,
as they are independent, these vertices are different., WhenC U H is
deleted, the size df decreases by at legsf|. Therefore (G', k — |H|) is a

Y Es-instance for \ERTEX COVER. O

The crown reductiongeneralizes the reduction rule for a degree one vertex BERT¥X
COVER, to one that admits a global structure [Fel03]. A crown islg¢aibenontrivial if
both H andC' are not empty. It has been shown that by repeatedly applh@grown
reduction, a linear sized kernel can be obtained in polyabtime [CFJ04]. Since de-
termining whether a graph has a nontrivial crown decomposit in P [ALS05], then
crown reductions provide a new way of producingkiakernel for VERTEX COVER that

is different from the Nemhauser-Trotter algorithm.

To apply crown decompositions we need to know when we canoexpéind one. A very

useful result in this regard appears in [CFJ04].

Lemma 1.3 [CFJO4] If graph G has an independent sétC V' such that|Z| > |N(])|
then a non-trivialcrown decompositioiC, H, X') with C' C T can be found irO(|V] +
|E|) time.

If we are able to find a large enough independent set in a gregpaarice, and the problem
we are solving admits a crown rule to reduce arbitrary inganthen the instance we are
solving will certainly admit a crown decomposition and thvill be reduced by the crown

rule.
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Implementing crown rules to solveBRTEX COVER has proved an efficient way to solve
the problem. In [AL+03] and [AC+04] Langston et al. presentanparison of per-

formances of different algorithms for thee¥TEX COVER problem. These experiments
demonstrate that crown rules can be faster to solrT™EX COVER than other techniques

based on linear programming or network flow algorithms.

Crown decompositions can be modified to suit different peotd. This has already be-
come a useful tool to obtain significantly smaller (ofterelin) sized problem kernels.
These maodifications are known@a®deled crown decompositiaria the following chap-
ters we show examples of how to modify crown decompositi@djarinciples to address
different problems: we findouble crownsandfat crownsin Chapter 5fat-head crowns

in Chapter 6 and-spike crownsn Chapter 8. These variations use an auxiliary graph to
reduce the size of the instances and will be explained inldetthose chapters. Other

modifications of the crown rule can be found in [FH+04] and FE894].

1.6 OVERVIEW OF WORK

The work we present is divided into seven chapters. Each bribese chapters in-
troduces a fixed-parameter algorithm to solve a differenbl@m. The problems are
MAX CuT, MAX LEAF SPANNING TREE, NONBLOCKER, s-STAR PACKING, EDGE-
DISJOINT TRIANGLE PACKING, MAX INTERNAL SPANNING TREE and MINIMUM
MAXIMAL MATCHING. Some of these problems had not been approached from a pa-
rameterized complexity viewpoint. Others had been stubiefdre, but thanethod of

extremal structureprovides new insight and improves previous results.

The following results have been previously publishedsXMCuUT [P05], EDGE-DISJOINT
TRIANGLE PACKING [MPS04], MAX INTERNAL SPANNING TREE [PS03] ands-STAR
PACKING [PS04]. However, methodological differences, in some £asdstantial, can
be found between the published results and those presenti@d thesis. We also correct

several errors which appeared in those papers.
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The method of extremal structurbas been used to solve other graph problems such as

VERTEX DISJOINT TRIANGLE PACKING [FH+04] as well as non-graph problems such

as &T SPLITTING [DFRO3].



MAX CUT

M OTIVATION

MAX CuT is a well studied problem both within and outside the field afgmeterized
complexity. The aim is to find a partition of the vertex set ajraph into two subsets
with at leastk edges having endpoints on different sides of the partitidsm.a decision
problem, it was first proved NP-complete in 1976 [GJS76]. A®ptimization problem,

it is ArPx-complete [PY91], approximable within a factor of 1.1383485], and admits

a Pras if |[E| = O(]V?]) [AKK95]. We use the following natural parameterization of

MAX CuUT:

MAX CuT

Instance: A grapli = (V, E) and a positive integer

Parameter: k

Question: Is there a partition of the vertex set into two stdd and B such
that the size of the subsgt = E(A, B) is at least:?

The best known fixed-parameter algorithm foAMCuUT runs in timeO(|E|+ |V |+k-4F)
[MR99]. Fedin and Kulikov [FKO2] give the current best knowxact algorithm for the
problem. The running time of this algorithm@(poly(|E|) - 21%1/4).

This chapter presents an example ofrtiiethod of extremal structuti@ its simplest form.
Some of the reduction rules and structural claims in thipt#rahave been previously

reported in [PO5]. Overall, the results presented in thagtér simplify those of [P05].
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REDUCTION RULES

First observe that if there exists a vertex V' of degree at least then, without loss of
generalityy can be placed int and all its neighbors iB. Hence the sek* = E(A, B)

has size at leagt, proving the following statement:

Proposition 2.1 If there exists a vertex € V' of degree at least, then(G, k) isaYES

instance forMAX CuT.

Reduction Rule 1 Letu € V' be a vertex of degree one and tet= N(u). Transform
(G,k)into (G \ u, k —1).

k k’'=k-1

Figure 2.1: Reduction Rule 1 for Mk CuT.

Soundness Lemma 1Reduction Rule 1 is sound.

Proof of Soundness Lemma 1(=:) AssumeG is a graph which admits a
bipartition of its vertex set into two subsetisand B with £ edges inE* =
E(A, B). Assume without loss of generality thatis in the subsefd. By
deletingu we reduce the number of edges iif by at most one as in the

worst case is in B and(u,v) € E*.

(«<:) Conversely, assum@ is a graph with a bipartition of its vertex set into
two subsets!’ and B’ with £ — 1 edges inE** = E(A', B'). Assume without

loss of generality that is in A’. Assume that we add the vertexand the
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edge(u, v) to G’ to obtainG. By now placingu in B’, we add one more edge
to £**. This constitutes a new instance wkhedges in the cut betweetl

andB’. Hence,(G, k) is a YEs-instance for M\x CuT. O

Reduction Rule 2 Letz, y andz be three vertices of degree twoGh Let N (z) = {u, y},
N(y) = {z, 2z}, N(2) = {y,v}. Letu # v. LetG’ be the graph obtained by deleting
andz from G and adding the edger, v). Transform(G, k) into (G', k — 2).

k k’=k-2

Figure 2.2: Reduction Rule 2 for Mk CuT.

Soundness Lemma 2Reduction Rule 2 is sound.

Proof of Soundness Lemma 2.

(=:) Assumé’ is a graph which admits a bipartition of its vertex set into tw

subsetsA and B with at least: edges inE* = E(A, B). Two cases arise:

» Bothu andwv are in the same side of the partition. Without loss of gener-
ality assume this side i$. In the worst case, the edges ), (x, y), (v, 2)
and(z,v) are all inE*. Then,z andz are inB andy is in A. By delet-
ing y andz three edges are lost frofy*. By adding(z, v) one is added.

The result is an instance with at ledst 2 edges int™.

* If w andv are in opposite sides of the partition then, again withoss lo

of generality, assume that € A andv € B. Since we are trying to
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maximize the number of edges in the cut havingraly andz in either
A or B would never be part of an optimal solution. Thus, two cases

arise:

— If x andz are inB andy is in A, then(u, ), (z,y) and(y, z) are
in E*. By deletingy andz two edges are lost fromh*. By adding
(z,v) no edges are added fo* since bothz andv are inB. The
result is an instance with at least- 2 edges in£*.

— If z andz are inA andy is in B, (z,v), (z,y) and(y, z) in E*. By
deletingy andz three edges front* are lost. By addingz, v) we
gain one edge t&* sincex isin A andv is in B. The result is also

an instance with at leagt— 2 edges in&*.

(«<:) Assume tha€’ is a graph with a bipartition of its vertex set with at least

k — 2 edges inE*. When adding; andz back two cases arise:

* If u,v € V(G') are on the same side of the partition then, without loss
of generality, assume that this sidedslf y is placed inA andz, z in B
the edgesz, y), (v, z) and(z,v) are gained irE*. In the worst case, if
x was inB, (z,v) is lost. The resultis an instance with two more edges

in E* and thug G, k) is a YEs-instance for M\x CuUT.

 If u,v € V(G") are in opposite sides of the partition then, without loss
of generality, assume thate A andv € B. The vertexz could be in
either A or B. Assume first that is in A. If y is placed inB andz in
A, then the edgeér, y), (y, z) and(z, v) are inE* and the edgéz, v)
is lost. Thus(G, k) is a YEs-instance for M\x CUT. If z is in B, then
by placingy in A andz in B, the edgesz,y) and(y, z) are inE* and

thus(G, k) is a YEs-instance for Mix CuUT.
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Reduction Rule 3 Letz, y andz be three vertices of degree twoth Let N (z) = {u, y},
N(y) = {z, 2}, N(2) = {y,u}. LetG’ be the graph obtained by deletingy andz from
G. Transform(G, k) into (G', k — 4).

X ; <
k k’=k—4

Figure 2.3: Reduction Rule 3 for Mk CuT.

Soundness Lemma 3Reduction Rule 3 is sound.

Proof of Soundness Lemma 3.

(=:) Suppose thatG, k) is a YEs-instance of Mix CuT. Assume, without
loss of generality, that € A. In the worst case, the edges ), (z,y), (v, 2)
and(z,u) are in allE*. Thus,z andz are inB andy is in A. By deletingz, y
andz at most four edges are lost froRff. Hence(G’, k—4) is a YES-instance

for MAX CuT.

(«<:) We have to prove that by adding t& verticesz, y and z, we will
always obtain a solution with four more edgesAn. Assume without loss
of generality that: is in A. By placingz andz is in B andy is in A we gain
four edges inE*, namely(u, z), (x,y), (y, 2) and(z,u). Hence(G, k) is a

Y Es-instance of Max CuUT. O

Reduction Rule 4 LetG be a connected graph. Letbe an articulation vertex ik and
G~ u= XUY, with X andY the two disjoint components arising when we delete
LetG' = Gy UGy, whereG, = X U andGy = Y U 4" andv’ andv” are two new
vertices such tha¥ (u') = N|x(u) and N (u") = N|y(u). Transform(G, k) into (G', k).
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Figure 2.4: Reduction Rule 4 for Mk CuT.

Soundness Lemma 4Reduction Rule 4 is sound.

Proof of Soundness Lemma 4.

(=:) Assume that there exists a partitionofG) = AUB suchthatr(A, B) =
E*,|E*| > k. Without loss of generality, assume tha& A. Let A’ = A\ wu
and B’ = B. Make bothu’ and«” be in A’. The two setsd’ and B’ form

a bipartition ofG; U G, such thai E(A’, B')| > k since no new edges are
created and the ones previouslyAh are inE(A’, B'). Thus,(G1 UGy, k) is

a YEs-instance for Mux CuUT.

(«<:) Suppos€ Gy U Go, k) is a YES-instance for Mx CuT. LetV(Gy U
Gy) = A'UB' suchthatE(A', B')| > k. Sinceu is splitintou’ andu” when
we merge them back into a single vertex two situations awdehout loss of

generality either:

e Bothu' andu” are inA’. Then makingd’ = A andB’ = B and placing

u in A will make (G, k) a YEs-instance for M\x CuT.

e Vertexu' isin A’ andu” is in B'. Then, for every vertex in G, if
w e A, makew € B, and ifw € B’, makew € A’. The instance
(G1 UG, k) is still a YEs-instance for M\x CuT but noww” is in A’

and the previous case applies.
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Reduction Rule 5 Let w and v be two adjacent vertices i of degree two. Let and
v be adjacent to the same vertexc V. LetG’ = G ~\ {u,v}. Transform(G, k) into

(G, k —2).

k k’'=k-2

Figure 2.5: Reduction Rule 5 for Mk CuT.

Soundness Lemma 5Reduction Rule 5 is sound.

Proof of Soundness Lemma 5.

Trivially follows from Reduction Rule 4.

Reduction Rule 6 Letu be a vertex of degree two In. Let N (u) = {z,y} and(z,y) €
E. LetG' = G ~ {u,(z,y)}, i.e.,,G' is the graph obtained by deleting the verteand
the edge (x,y) fromd/. Transform(G, k) into (G', k — 2).

Soundness Lemma 6Reduction Rule 6 is sound.

Proof of Soundness Lemma 6.

(=:) Assume thatG, k) is a YES-instance of M\x CuT. Two cases arise:

» Bothz andy are in the same side of the partition. By deletingt most

two edges fronF* are removed.
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k k’'=k=2

Figure 2.6: Reduction Rule 6 for Mk CuT.

« If x andy are in opposite sides of the partition theny) € E*. The
vertexu always has one adjacency with a vertex on the other side of the
partition, which would add another element to the Bét By deleting

both(z, y) andu the size ofE* is decreased by at most two.

(«<:) Assume thatG’, k — 2) is a YEs-instance of Mix CUT. The vertices
andy are independent as we have deletedy). Two cases arise depending
on whetherz andy are in the same or opposite sides of the partition and

(G, k) is a YEs-instance of M\x CuUT.

» Both z andy are in the same side of the partition. By addim@nd
placing it in the opposite side, two edges are addd@‘tmamely(u, )

and(u,y).

* If z andy are in opposite sides of the partition then the edge) € E*
adds one edge t&*. No matter where: is placed it will add another
element to the set*. Thus the size of’* is increased by two and-, &)

is a YES-instance of M\x CuUT.

Reduction Rule 4 can potentially split a graph instaf@ek) into several biconnected

components. We use the following result to prove PropasRi@.



2. MAX CuTt 29

Proposition 2.2 LetG be a graph consisting efdisjoint connected componedis,, G, - - - G4 }.

Let the graph’ be recursively constructed as follows:

» For eachG; C G select an arbitrary vertex; € G;.

» For each componen®; with1 < ¢ < t, merger; andz; into a new vertex:;

x; := x1. Make the resulting grapty';, .., := G'.

Then,(G, k) is aYEs-instance folMAx CuT if and only if (G, k) is a Y Es-instance for

Max CuUT.

X X
o b
G,
X, - g G,
I

Figure 2.7: Example of construction 6f whent = 3.

Proof of Proposition 2.2.

(=:) Assume thatG, k) is a YEs-instance of M\x CuT, i.e., there exists a partition of
V(G) = AU B such thatF(A, B) = E*, |E*| > k. Assume that;; is in A. Then, we
can always find an indexing such that there exists an itfdexch thatl < ¢’ < ¢, for all

i<tz eGiisinAandforallt <i<ta; € G;isinB. Then:

e Foralli <t makedA’ = AandB’' = B.
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» Forallt < i <t,foreach vertexv in G,, if w € A, makew € B’, and vice versa.

All verticesz; are inA’. The number of edges ifi(A, B) is the same as the number of

edges inE(A’, B'). Hence(G', k) is a YEs-instance for M\x CUT.

(«<:) Assume that there exists a partitioniofG') = A’ U B’ such thatF'(A4’, B') = E**,
|E**| > k. The vertexz; is an articulation vertex id:’. MakingA’ = AandB’' = B
will provide a partition ofG' with at least: edges inF'(A, B) as the total number of edges

remains the same. Thugy, k) is a YEs-instance of Mx CuT. O
KERNELIZATION AND BOUNDARY LEMMAS

In our analysis we only use Reduction Rules 1 to 5 and an iost&srconsiderededuced
when these rules are no longer applicable. Reduction Rudar€iuded since it may be

of interest from a practical point of view.

Lemma 2.1 (Kernelization Lemma If an instance(G, k) is reduced and has at leakt

vertices or2k edges, then it is & Es-instance oMAX CuT.

To prove the kernelization lemma we need to prove Lemma 2d2Ll&amma 2.3, the

boundary lemmas.

Lemma 2.2 (Boundary Lemma - VerticesLet (G, k) be a reduced instance &l AX
CuT. Let(G, k) be aYEs-instance andG, k + 1) be aNo-instance oMAx CuT. Then,

the number of vertices i is at mostk.

Proof of Lemma 2.2.(By minimum counterexample) Lé&, k) be reduced, and aB%
instance for M\x CuT. Let (G, k + 1) be a No-instance of M\x CuT. Assume for

contradiction thatV' (G)| > k + 1.
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We can assume, without loss of generality, thatonsists only of one biconnected com-
ponent, since if there were more components, we can proaebéthem separately and

use Proposition 2.2 to splice all disjoint biconnected congnts together.

Consider, as a witness of the fact thiét k) is a YEs-instance of M\x CuT, a spanning
treeT in G. Since this spanning tree has at lelast 1 vertices, it has at leagt edges.
Let's denote the edge set @f E(T) = E*. We construct a partition of the vertices in
V = AU B such that all edges ik* are inE(A, B). Such a tree can be constructed as
follows. Choose any leafin 7" and placey in A. Consider the neighbar of v in 7" and
place itinB. The edggu, v) is in E*. Recursively assign all neighborsThof a vertex

in A to B and vice versa. For each one of the vertices placet(respectivelyB) we are
augmenting the number of elementsAri by one. Repeat this process until all vertices

are placed into eithed or B.

Figure 2.8: Example of witness tr&éwith partition of vertex set intel and B.

The graphG has more edges which are notZin We will call these edgeghost edge's

We callghost neighborswo vertices adjacent via a ghost edge.
We set the following inductive priority:

* Among all counterexamples, consider those minimizing tineber of leaves iff.

LIn the figures ghost edges are represented by dotted lines.
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Structural Claims

Claim 1 G hask + 1 vertices.

Proof of Claim 1. AssumeG had more thark + 1 vertices. Consider the
spanning tred" in G. SinceT has at least + 2 vertices then it has at least
k + 1 edges. By construction, all these edges ar&in Hence, ifG has
more thatk + 1 vertices thenG, k + 1) is a YEs-instance of Mix CuT,

contradicting the hypotheses of Lemma 2.2. O

We have proved that the witness spanning fdeas sizek + 1 and we can partition the

vertex sel” = (A U B) so that all edges iff’ are inE*.

Claim 2 There are no ghost edges between vertice$ ahd vertices of3.

Proof of Claim 2. SinceT has already: edges, any ghost edge betweén
and B would make(G, k + 1) a YES-instance for M\x CuT, contradicting

the hypotheses of Lemma 2.2. O

Claim 3 All leaves inT" have degree two ity.

Proof of Claim 3. By Reduction Rule 1 there are no vertices of degree one
in G. For contradiction suppose that there exists a leaf 7" with degree

at least three iriz. Let the neighbor ob in T be vertexu. Without loss of
generality assume thatis in A. By Claim 2 there are no ghost edges that link
v to vertices inB and thusy must have at least two ghost neighberg € A.

If we now movev to B then we lose the edge:, v) from E* but gain both
(v,z) and(v,y) in E*. Thus(G,k + 1) is a YES-instance for M\x CuT,

contradicting the hypotheses of Lemma 2.2. O
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Figure 2.9: Example of transformation in Claim 4.

Claim 4 There are no ghost edges between leaves and internal v&emi@e

Proof of Claim 4.Let v be a leaf ofl". Without loss of generality assume that
visin A. By Claims 2 and 3y has a unique ghost neighbor A. Let P be
the path fromu to v in T and letz be the neighbor of in this path. Since the
graph is reduced by Reduction Rule 4 thecannot be an articulation vertex
in G, and thus there must exist a ghost edge going from the ridfttesei,

to the left subtred’, of the edggu, x). Let this edge béy, z) with y € T,
andz € T,. We can now modify the solution witnessed Byy exchanging
the roles ofA and B in all vertices inT,,. By doing this we los€u, ) from
E* but we gain(u, v) and(y, z) in E*. Note that the we have modifiédto
obtain another subgraph that is no longer a tree, but itiogyteontains a cut

with k£ + 1 edges.

Thus, if there existed a ghost edge between a leaf and amahtegrtex in
T, (G,k + 1) would be a ¥s-instance for M\x CuT, contradicting the

hypotheses of Lemma 2.2. O

Claim 5 Two leaves; andv in T" which are adjacent it cannot have the same parent
winT.
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Proof of Claim 5. Sinceu andv must have degree two i by Claim 3, if
they are adjacent and have the same paref, ithen they form a dangling
triangle inG. This type of triangles is handled by Reduction Rule 5. Hence
if w andv have the same parentin T, the instanceéG, k) is not reduced

under Reduction Rule 5. This contradicts the hypothesegwirha 2.2. O

Claim 6 There are no ghost edges between leavés.in

Proof of Claim 6.Let« andv be two leaves ifi’ and assume for contradiction
that there is a ghost edge between them. R.&te the path fromu tov in 7.
Let = be the neighbor ofi in P, and lety be the other neighbor of in P.

By Claim 2, v andv must be in the same side of the partition. By Claim
5, x cannot be the parent vertex of battandv. Without loss of generality
assume that andv are inA. The vertexz is then inB by hypothesis of the

witness structure. Sinceis internal to7’, two cases arise:

* Vertexz has degree at least threeZlin We can modifyl" by changing
u from A to B, losing the edgéz, ) from T' (and thus fromE™*) and
gaining (u,v) in the modified spanning tree (and thus fiif). Now
vertexwu is a leaf in the modified spanning treejs still internal, as it
has degree at least two, huis no longer a leaf. We have constructed a
new spanning tree with + 1 vertices such that all edges in the tree are
in E*, but the number of leaves is decreased by one (see Figurg 2.10
This contradicts the inductive priority stating that themher of leaves

in 7T"was minimum.

» Vertex z has degree two ifl’. Then sincex andv have degree two
in G (by Claim 3) and the graph is reduced by Reduction Rule 2 and
Reduction Rule 33 cannot have degree two (n. Hencer must have a
ghost neighboe in T and sincer is in B this neighbor must also be in

B (by Claim 2). We can modifyl and B by changingu from A to B.
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Figure 2.10: Example of transformation in Claim 6 whehas degree at least thre€lin

This way the edgéz, u) is no longer inE*, but (u, v) is now in E*. If

x is moved toA, the edggz, y) is no longer inE* but (z, u) and(z, 2)

are now inE* (see Figure 2.11).

Figure 2.11: Example of transformation in Claim 6 whehas degree two iff'.

The witness solution is no longer a tree, but it contains anatint & + 1
edges. ThusG, k + 1) is a YES-instance for M\x CuT, contradicting

the hypotheses of Lemma 2.2.

We have proved that 7 hask + 1 vertices then the leaves @f cannot have ghost

neighbors in either the leaves &for the internal vertices df. By Reduction Rule 1
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there are no vertices of degree onedrmand the leaves ifi' must have neighbors. We
have reached a contradiction. Therefore(Gif k) is reduced(G, k) is a YES-instance

and(G, k + 1) is a No-instance for M\x CuT, then|V (G)| < k. O

Lemma 2.3 (Boundary Lemma - Edgéd_et (G, k) be a reduced instance bfax CuUT.
Let (G, k) be aYEs-instance andG, k + 1) is a No-instance ofMAX CuT. Then, the

number of edges i is less thark.

Proof of Lemma 2.3. (By minimum counterexample) Assume th@t, k) is reduced
and admits a partition df (G) into two subsets! and B with E* = E(A, B) such that
|E*| = k. Let (G, k + 1) be a No-instance of M\x CuT. Assume for contradiction that
|E(G)| = 2k.

Consider, as a witness of the fact thi&t k) is a YEs-instance, a partition of the vertex
setlV = (A4, B) with £ edgequ, v) € E whereu € A andv € B. These edges constitute
£

The graph may have edges which are natin These edges are termgldost edgesEach
elementu € A has two degrees associated with it, namély 4 (u) anddeg z(u). Note
thatdeg 4 (u) is the degree of in (A). By Proposition 2.1 and the fact the', & + 1) is

a No-instancedeg 4 (u)+deg p(u)= deg(u) < k. Similarly, each element € B has two
degrees associated withlitg 4 (v) anddeg,(v)wheredeg z(v) is the degree of in (B)

anddega(v)+degp(v)=deg(v) < k.

Note that sinc€G, k) is a YES-instance andG, k + 1) is a No-instance,

ZueA degip(u)= ZveB degia(v)=k.

We set the following inductive priority:

* Among all counterexamples, choose those minimizing
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Claim1 Forall u € A, dega(u)< deg;p(u).

Proof of Claim 1. Assume that there exists a vertexn A contradicting
Claim 1. Movingu to B causes the loss akg z(u) edges fromE* and the

gain ofdeg4(u) in E*. Two cases arise:

o If degia(u)> degip(u), then(G, k+1) is a YES-instance for Mx CuT,
contradicting the hypotheses of Lemma 2.3.

o If degia(u)= deg)z(u), then movingu to B implies that(G, k) is still
a YEs-instance for M\x CUT as the number of edges lost fralit is
the same as the number of edges gained. However, the sizehab
decreased, contradicting the minimality 4fensured by the inductive

priority.

Claim 2 Forall v € B, degja(v)> deg;z(v).

Proof of Claim 2.1f deg;4(v)< deg;z(v), movingv to A causes the loss of
deg 4(v) edges fromE* and the gain ofleg z(v) edges. Thug G,k + 1) is
a YEs-instance for M\x CuT, contradicting the hypotheses of Lemma 2.3.

O
Claim 3 The number of ghost edges in the subgraph induced isyless thark /2.

Proof of Claim 3. By Claim 1,%" ., dega(u)< >, .4 degp(u)= k. By
Euler’s theorem, the sum of the degrees in a graph is exadattg the number

of edges. Thus,

|E(A)| = ZueA C;GQA(U) < ZueA c;eg“g(u) _ g
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Claim 4 The number of ghost edges in the subgraph inducefl lsyat mostk /2.

Proof of Claim 4. By Claim 2,%" _,degp(v)< >, 4 degia(v)= k. By
Euler’s theorem, the sum of the degrees in a graph is exadgtte the number
of edges. Thus,

> ven degip(v) < > ven degia(v) _ ﬁ
2 - 2 2’

|E(B)| =

The total number of edges @ is E(A, B) plus the ghost edges () and(B). Thus,

k k
B(G)| = |B*| + |E(4)] + |E(B)| < k+ 5 + 2 =2k

O

Now we prove Lemma 2.1. This lemma states th&€if k) is a reduced instance and has

at leastk vertices ork edges, then it is a ¥s-instance of MAx CuUT.

Proof of Lemma 2.1. (Kernelization Lemma Assume in contradiction to the stated
Lemma 2.1 that there exists a graph instaféek) such thatV (G)| > k or |[E(G)| > 2k
but (G, k) is a No-instance for M\x CUT.

Let %’ < k be the largest’ for which (G, k') is a YEs-instance. By Lemma 2.2 we know

that|V (G)| < k' < k. This contradicts the assumption.

Let %’ < k be the largest’ for which (G, k') is a YEs-instance. By Lemma 2.3 we know

that| E(G)| < 2k’ < 2k. This contradicts the assumption. O
ALGORITHM AND RUNNING TIME ANALYSIS

In the previous section we proved a kernel for the problemize & in the number of
vertices an®k in the number of edges. In Table 2.1 we provide an algorithisotee

Max CuUT.
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Step 1. Apply reduction rules 1 to 5 to (G,k) until the
i nstance i s reduced.

Step 2. If |E(G)| > 2k or |V(G)| > k then answer YEs and
hal t .

Step 3. If |V(G)] < % then try all possible partitions
of the vertex set into two subsets A and B and
count the nunmber of edges between them |[f
there are nore than k£ answer YES

Step 4. Else if |[V(G)> % then find a maxi numcut in the
kernel using the algorithmin [FKO2]. |If the
cut has size greater than k£ answer YES

Step 5. If the answer is YES in Step 3 or Step 4, an-
swer YEs and halt.

Step 6. Else answer No and halt.

Table 2.1: PT algorithm to solve Mx CuT.

Lemma 2.4 Max CuT can be solved in tim&*(1.414%).

Proof of Lemma 2.4.We will analyze each step in the algorithm separately.

Step 1 Reduction Rule 1 can be performed in linear time in the siz& as there
are at mostV| vertices of degree one, and deleting them can be done inastrigne.
Reduction Rule 2 is concerned with finding vertices of degweeand checking if both
their neighbors have also degree two. This operation caretfermed in timeO(|V|)
as the number of vertices of degree two can be at fidlseind the transformation can
be done in constant time. Similarly, Reduction Rules 3 andrblze performed in time
oV,

In Reduction Rule 4 we must find the articulation vertice§irThere are at most’| such
vertices and each one can be found in tiéw@V|?). The running time of this reduction
rule is thusO(|V|?).

The running time of Step 1 is bounded by sum of the runninggiofehe four reduction
rules,O(|V]?).
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Step 2 This step can be performed in tind¥ k).

Step 3 The total number of different partitions in a graph withvertices is2"~! — 1.
Counting the number of vertices can be done in tith&) since the graph is reduced. If
this number is at most/2 we try all partitions. Checking how many edges exist in the
bipartite subgraph induced by each partitiodf7) into AU B can always be performed
in time O(k) since there are onlgk edges in the graph. Thus the running time of Step 3
is O(k - 28/2) = 0*(1.414%).

Step 4 Applying the exact algorithm proposed by Fedin and Kulifg¥02] to the
kernel leads to a running time @?*(1.414%), as the running time of their algorithm is

O(poly(|E|) - 2!PV/4), and by Step 2 we know that the graph has at aéstdges.

Again, checking if the cut has size greater tliaoan be performed in timé& (k) since

there are onl2k edges in the graph.
Thus the running time of Step 4 @(poly(|E|) - 2!FV/4) = O0*(1.414%).
Step 5 and Step 6 This last part of the algorithm can be performed in consiamg.

Thus, the total running time of this algorithm is the minimwithe running times of

Steps 3 and 4 and Mk CuT can be solved in tim&*(1.414F), O
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MAX LEAF

M OTIVATION

The problem of finding a spanning tree with many leaves in plgigof practical interest
in areas such as network design [CWYO00]. The parameterigeslon of the problem,

where we take as a parameter the number of leaves is definetioagst

MAX LEAF SPANNING TREE
Instance: A connected gragh= (V, E)) and a positive integer
Parameter: £

Question:  Does: have a spanning treg with at leastt leaves?

As a classical decision problem, A LEAF SPANNING TREE was first proved NP-
complete by Garey and Johnson [GJ79]. It B¥Acomplete [GMM97] and approximable
within a factor of 2 [S98]. The best known parameterized algm to date achieves a

kernel size oftk and a running time o®*(9.49%) [BBWO03].

There are many related problems about spanning trees thatima an objective func-
tion. In Chapter 7 we will consider the parameterized pnobtd finding a tree with
at leastt internal vertices, proving that it is inAF. In [GMM94] it is shown that the
problems of finding a spanning tree that has maximum sum aodigtances between all
pairs of vertices, or maximum sum of the distances from aiBpdcoot, are not in PAS
unless P= NP.
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The proof of Reduction Rule 1 and Structural Claims 1- 7 irs ttihapter were first
sketched in [FM+00].

REDUCTION RULES

If T is a spanning tree fak, the set of internal vertices @t is denoted and the set of

leaves ofl" is denoted..

Reduction Rule 1 Let« andv be two adjacent vertices of degree greater than on@ in
and(u,v) € E(G) be a bridge inG. LetG' = G[y«,], the graph obtained by merging

andv into a new vertex, <» v. Transform(G, k) into (G', k).

k k

Figure 3.1: Reduction Rule 1 for Mk LEAF SPANNING TREE.

Soundness Lemma 1Reduction Rule 1 is sound.

Proof of Soundness Lemma 1.

First, we must point out that ifu, v) is a bridge inG and bothu andv have
degree greater than one, they must be internal to any sgatmesl" in G.
Otherwise the spanning tree would not be connected. Sigikam articula-
tion vertex inG is always internal to any spanning tree(inas otherwise the
spanning tree would not connect the two components whiclatieulation

vertex is separating.
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(=:) Sinceu andwv are internal td’, we can construct a tré€ for G’ making
the vertexu «> v be internal to thd” and leaving the rest of the tree aslin

The number of leaves remains the same.

(«<:) LetT' be a spanning tree withleaves inG’ = G[,«,,]. The articulation
vertexu <> v in G' is an internal vertex of”. If we expand this articulation
vertex to creaté;, we can construct a new trédeby adding the edggé:, v) to

T, makingu andv internal vertices. The number of leaves remains the same.

O

Reduction Rule 2 Let u» and v be two adjacent vertices of degree twodh such that
(u,v) € E(G) is not a bridge. LetN(u) = {v,z} and N(v) = {u,y}. LetG" =
G ~ (u,v). Transform(G, k) into (G, k).

uv u V

k k

Figure 3.2: Reduction Rule 2 for Mk LEAF SPANNING TREE.

Soundness Lemma 2Reduction Rule 2 is sound.

Proof of Soundness Lemma 2.

(«<:) Let (G', k) be a YEs-instance. Lefl” be a spanning tree i@’ with at
leastk leaves. After adding the edde, v) to E(G), T" will also be a span-
ning tree forG with at leastt leaves, as adding an edge will never decrease
the number of leaves in an existing spanning treefohus,(G, k) is also

a YES-instance for M\x LEAF SPANNING TREE. Note that this argument is

valid whetherr = y orz # y.
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(=) This part of the proof requires a case analysis accordinggadles of

u andwv in a spanning tre@& for GG. First we will assume that # y.

1. Verticesu andv are both leaves iff". In this case deletingu, v) has no

effect on the number of leavesn

2. Vertexu is internal to7" andv is a leaf of7T". Sinceu has degree 2, then
the edggu, v) isinT'. In this case deletinfy, v) will make « a leaf for
a new treel” in G'. Vertexv can be made a leaf @’ by including the
edge(v,y) in T', thus not decreasing the total number of leaves. The

instanceG', k) is therefore a ¥s-instance.

3. Verticesu andwv are both internal t@". Thus, the edgéu, v) belongs
to T. Since(u,v) is not a bridge, there is at least one patltitio get
from u to v which does not usgu, v). AsT is a tree not all edges in this
path are part of’ so there exist two verticas andv’ such that the edge
between them is not if (7). If we delete(u, v) from T and add v, v')
to T" we have a new spanning tree. In the worst case t/ceindv’ were
leaves inT" and thus we lose two leaves. We gain two leaves aad
v have now become leaves. Th{§&; \ (u,v), k) is a YESs-instance for

MAX LEAF SPANNING TREE

The proof in the case af = y is identical in Cases 1 and 2. The last case is
not applicable as it is not possible thatindv are both internal vertices 6

whenz = y (otherwise there would be a cycleTr).

Reduction Rule 3 Letu be a vertex of degree onedh Let N (u) = w and N (N(w))
{w} # @. LetG’ be the graph obtained by deletingfrom G and making a clique out
of N(w), i.e., for each pair of vertices,y € N(w),z # y, we add(z, y) to E(G) if the
edge(z,y) ¢ E(G). Transform(G, k) into (G', k).
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Figure 3.3: Reduction Rule 3 for Mk LEAF SPANNING TREE.

Soundness Lemma 3Reduction Rule 3 is sound.

Proof of Soundness Lemma 3.

(=:) Assume(G, k) is a YEs-instance of M\X LEAF SPANNING TREE. As-
sumeT’ is a spanning tree with leaves inG. A vertex of degree one must be
aleaf inT. Thusw is internal toI. If we deleteu and make a clique out of
all the neighbors ofv then in the worst case we will be losing one leaflof
We must show that by making a clique out of all neighborssofie always

gain a leaf back. Two possibilities arise:

* If w has degree two iii’, then by deleting:, vertexw becomes a leaf in
the new spanning tré€’ of G'. The total number of leaves remains the

same.

* If w has degree greater than two7h there exists a vertex in N (w)
also internal to the tree sinc¥(N(w)) ~ {w} # @. Let Np(w) =
{u,v,v1,v9,...,v.}. The edgeg (v, v1), (v,v9), ..., (v,v.)} are notin
T as otherwise we would have cycles. LEtbe a spanning tree for
G' constructed as follows. The trgé is equal to7" for all edges inl’
except for the edgesv, v;),i = 1, ..., c. In this case we removev, v;)
from E(T') and add v, v;) to E(T"). By doing this, we create a new leaf

out of w without losing any of the leaves we had previously/inThe
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treeT’ hask leaves and thugZ', k) is a YEs-instance for M\X LEAF

SPANNING TREE.

Figure 3.4: Transformation fror to 7" after deleting vertex.

(«<:) SupposéG’, k) is a YES-instance of M\x LEAF SPANNING TREE. Let

T' be a spanning tree withleaves inG’. If we add the vertex; to G’, in the
worst case we would be appendingo an existing leaf of”. We lose one
leaf in7” butu becomes a leaf ifi’, a spanning tree fa&. If v is adjacent to

an internal vertex ir7” then we make; a leaf of 7', constructing a spanning
tree forG with k£ + 1 leaves. In either case the number of leaves does not

decrease an@7, k) is a YEs-instance for M\x LEAF SPANNING TREE. O

An instance(G, k) of MAX LEAF SPANNING TREE is considerededucedwhen Reduc-

tion Rules 1, 2, and 3 can no longer be applied.

In the last section of this chapter we provide an algorithsoige MAX LEAF SPANNING

TREE that makes use of @atalytic vertex A catalytic vertex is a vertex of degree at least
three inG which we force to be internal in the spanning tree. We perégpty this
algorithm to an instance which is first reduced and ttegalyzedi.e., a reduced instance

of MAX LEAF SPANNING TREE where a vertex of degree at least three is designated as

catalytic. Hence, here we define the corresponding anmbpatdlem:
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ANNOTATED MAX LEAF SPANNING TREE

Instance: A connected gragh= (V, E) with acatalyticvertexr € V' of
degree at least three, and a positive intdger

Parameter: k

Question:  Does: have a spanning trég with at leastt leaves such that € 1?

Lemma 3.1 shows how te-catalyzen instance of ANOTATED MAX LEAF SPANNING
TREE, i.e., how to transform an instan¢€@, r, k) with catalytic vertex- of ANNOTATED

MAX LEAF SPANNING TREE into an instancéG’, k') of MAX LEAF SPANNING TREE.

Lemma 3.1 (De-catalyzation RuleLet (G, r, k) be an instance OANNOTATED MAX
LEAF SPANNING TREE with catalytic vertex-. LetG' be the graph obtained by adding
a vertexxz and the edgér, z) to G. Then,(G,r, k) is a YES-instance forANNOTATED
MAX LEAF SPANNING TREE ifand only if(G', k+1) is aY Es-instance foMAX LEAF

SPANNING TREE

Proof of Soundness Lemma 3.1(=-:) Let (G, r, k) be a YES-instance of
ANNOTATED MAX LEAF SPANNING TREE with catalytic vertex- € I. In
the instancgG’, k' = k + 1) constructed as described abowvayill be a new
leaf adjacent to in the tree. Thus(G', k + 1) is a YEs-instance for M\x

LEAF SPANNING TREE

(«<:) Conversely, assumé&’, k + 1) is a YES-instance of Max LEAF SPAN-
NING TREE. Sincer is always a leaf in any spanning treeify its neighbor-
will always be internal. Thus, when we remawgts neighbor can be made
a catalytic vertex without losing any information ab6itAs we have deleted
aleaf,(G,r, k) is a YES-instance for ANOTATED MAX LEAF SPANNING

TREE. O

Observe that the de-catalyzation rule is only used onces iShmportant, since this is a

transformation which actually enlarges the instance.
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KERNELIZATION AND BOUNDARY LEMMAS

We denote asG, r, k) the instance of ANOTATED MAX LEAF SPANNING TREE ob-
tained from(G, k) of MAX LEAF SPANNING TREE by choosing a catalytic vertex. We
define areducedinstance of AINOTATED MAX LEAF SPANNING TREE as a reduced
instance of M\X LEAF SPANNING TREE where a vertex of degree at least three has
been designated as catalytic. Without loss of generaligysay that{G, r, k) is reduced
under Reduction Rule 1 {{G, k) is reduced under Reduction Rule 1. Similarly we define

being reduced under Reduction Rules 2 and 3.

Lemma 3.2 (Kernelization Lemma Let G a connected graph with a catalytic vertex
r € 1. If (G,r k) is reduced and has at leasb.75k vertices, ther G, r, k) isaYES

instance fOrANNOTATED MAX LEAF SPANNING TREE

To prove the kernelization lemma we need to prove Lemma Be3poundary lemma.

Lemma 3.3 (Boundary Lemma Let G be a connected graph with a catalytic vertex
I. Let(G,r, k) be reduced. Suppose that, r, k) is aY Es-instance and thatG, r, k+1)
is a No-instance fOrANNOTATED MAX LEAF SPANNING TREE. Then the number of

vertices of(d is less tharb.75k.

Proof of Lemma 3.3.(By minimum counterexample)

By hypothesis of minimum counterexam(@, r, k) is a YES-instance andG, r, k+1) is
a No-instance. Hence, there exists a tlean GG, not necessarily spanning, witheaves.

This tree will act as a witness th@¥, r, k) is a YES-instance.

It is important to note that any such tréecan be inductively extended to construct a
spanning tree with at leaktleaves. If the vertex we are adding is adjacent to an internal

vertexu in T', we add the edgéu, v) to the new spanning tree, constructing a tree with
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one more leaf. I& is only adjacent to leaves ifi we choose one of them;, and add the
edge(v, w) to the new spanning tree. The new tree we have constructéisindse has

the same number of leavesBs

All vertices not inT" are termedutsiders and we denote the outsider set@y In T we
distinguish three types of verticeg; theleaves I, theinternals and /g, thebranches
those internal vertices having more than two tree-edgegantto them. Let the catalytic
vertexr € I be theroot of 7. Letd(v, r) be the distance ifi" between any vertex € T

and the root vertex.

Figure 3.5: Example of witness trgé

We set the following inductive priorities:
* Among all witnesses, consider those minimiziig

* Among all witnesses subject to the previous inductive fiyiazonsider those minimiz-
ing > e, d(l, 7).

Structural Claims

Claim 1 Every vertex in.. has at most one neighbor .

Proof of Claim 1.If a leafu € L has two neighbors, w in O then we could

extend7' by makingu an internal node to the tree amcandw leaves. The
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instance(G, r, k + 1) would therefore be a ¥s-instance for ANOTATED

MAX LEAF SPANNING TREE, contradicting our hypothesis. O

Claim 2 No vertex in/ has any neighbors i.

Proof of Claim 2.If there is a vertex: € I with a neighbow in O then we can
makev a leaf of7" and thug G, r, k + 1) is a YEs-instance for ANOTATED

MAX LEAF SPANNING TREE, contradicting our hypothesis. O

Claim 3 There are no vertices of degree greater than twain.

Proof of Claim 3.Assume that a vertex of degree three or greater exists in
(0). Let{z,y,z} C Njo(u). SinceO has no neighbors i, by Claim 2,
we can find a pattP to « from a leafv € L. If P contains the edgéu, v)
then we can construct a new tree in which we add the verticesy and

z. We losev as a leaf inT" but we gainz,y and z and thus(G,r, k + 1)
would be a ¥s-instance for ANOTATED MAX LEAF SPANNING TREE,

a contradiction. IfP does not contain the edde, v) then without loss of
generality assume thd@t goes throughr before reaching:. If we extendT

to include P then we can add two leaves 1§ namelyy andz, while only
losing one leafp. Thus, (G, k + 1) is a YESinstance for ANOTATED

MAX LEAF SPANNING TREE, contradicting our hypothesis. O

Claim 4 There are no cycles ifD).

Proof of Claim 4. Assume there exists a cycté in (O). SinceO has no
neighbors in/, by Claim 2, we can find a patR to a vertexs € C from a
leafv in L. Sincex is part of a cycle, it has two neighborsdh namelyy and

z notin P. If we extendI to includeP, y andz theny andz can be added as
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leaves, while only losing one leaf, Thus,(G,r, k+1) is a YES-instance for

ANNOTATED MAX LEAF SPANNING TREE, contradicting our hypothesisl

Note that by Claims 3 and 4, the graph) induced byO is composed of disjoint paths

as there are no cycles and no vertex has degree greater than tw

Claim 5 Internal vertices of the disjoint paths ¢D) have degree two itv, i.e., they are

not adjacent to vertices iff.

Proof of Claim 5.Assume there exists a vertexn one of the disjoint paths
and thatz is adjacent to a leaf in 7. Assumezx is an internal vertex to
the path, with two neighborg, = € O. If we extendT to includez, y and
z then we can add two leaves 1§ namelyy and z, while only losing one
leaf, v. Thus,(G,r, k + 1) is a YES-instance for ANOTATED MAX LEAF

SPANNING TREE, a contradiction. O

Claim 6 The maximum length of a path {) is two, i.e., each one of the disjoint paths

in (O) has at most three vertices.

Proof of Claim 6. Assume there exists a path {) with length three or
greater. By Claim 5, the internal vertices in the path hawgek two inG.

By Reduction Rule 1 there are no bridgeginThen, there are two adjacent
vertices of degree two i and the edge between them is not a bridge. This

contradicts the hypothesis th@t, r, k) is reduced under Reduction Rulé™.

Claim 7 The size oD is at most k.

Proof of Claim 7. There are no paths of length greater than two by Claim

6, thus there are only three possible types of structur&s which do not
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contradict the fact thai7, r, k) is a reduced instance. These three types must
be paths of length zero, one or two (typésB andC', respectively, as shown
in Figure 3.6). We know there are exacklyeaves inl" and the endpoints of
the paths inD are leaves by Claim 2. Hence, the worst case is provided by

paths whose endpoints have as few neighbois &s possible.

VA

type A type B type C

Figure 3.6: Example of the three types of path&in

- A path of typeA must have at least two different neighborsliras there
are no vertices of degree one (h by Reduction Rule 3. Since we know
that there are exactly leaves inl’, and we want to minimize the number of
outsiders, the worst-case ratio of outsiders to leavesigeo\by this type of
paths occurs when there is one outsider for every two ledesworst-case

ratio is thus 2:1.

- A path of typeB has at least three different neighbors/inThis is due to
the fact that both endpoints of the path must have neighbdrsas there are
no vertices of degree one (A by Reduction Rule 3, and if each endpoint had
only one neighbor iri then we would have two adjacent vertices of degree
two and the instance would not be reduced under ReductioesRubnd 2.

The worst-case ratio provided by this type of path is 3:2.

- A path of typeC' has at least four different neighborsin This is due to
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the fact that both endpoints of the path must have neighbdrsthere are no
vertices of degree one 1@ by Reduction Rule 3, and if either endpoint had
only one neighbor irG then we would have two adjacent vertices of degree
two and the instance would not be reduced under ReductioesRuand 2.

The worst-case ratio provided by this type of path is 4:3.

The worst ratio of outsiders to leaves is provided by tgppaths, requiring
three outsiders for every four leaves in the worst case. ififidies the%k

bound stated by the claim. O

Claim 8 If |[V| > 2, then for every leaf in L the parent ol in T is in I.

Proof of Claim 8.If |V'| > 2 then any leaf in. must have at least one neighbor
v"in I such thatv, v") € E(T). Assume in contradiction that ¢ I5. Then
the degree of’ in T is two and we can construct a tréé with & leaves
by removing the edgév, v') from T. In this new trees’ is a leaf and thus
(G, k) is a YES-instance for ANOTATED MAX LEAF SPANNING TREE.

However,T'| < |T|, contradicting the first inductive priority. O

Claim 9 The size of 5 is at mostk — 2.

Proof of Claim 9.We prove this claim by induction o

» (Base Caself 17" has only two leaves théfiis a path and thus there are

no branching vertices ifi. The size off 3 is at mostk — 2, as required.

* (Inductive Hypothesishssume it is true that any tree with— 1 leaves

has at most — 3 branching vertices.

* (Inductive StepXonsider the tred" with k leaves. If|V| = 2 then
any tree inG has at most = 2 leaves and we are in the base case.

Otherwise, if|V| > 2, by Claim 8 the parent of any leafv in T
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must be a branching vertex. L&t be the subtree obtained fromby
removingu. Sincew is a branching vertex affl’ hask — 1 leaves, by
the inductive hypothesis’ has at mosk — 3 branching vertices. Iff’,

two cases arise:

— If w is a branching vertex i’ thenT" has at most — 3 branching
vertices. Ask — 3 < k — 2, the number of branching vertices'lh

is at mostt — 2, as required in the inductive step.

— If w is not a branching vertex ifi” then it becomes a branching
vertex for7 when we add. ThusT hasatmost —3+1 =k —2

branching vertices, completing the proof of Claim 9.

So far, a bound has been found for the sizd.pt) and . To complete the proof we
must also bound the size 6f\ Iz. We say that two vertices ify are consecutive if there
is a pathP in T between them containing only verticeslin. /5. Note that all vertices
in this path are internal vertices with degree twdlin We say that an edge, v) is a

non-tree edge ifu,v) ¢ T.

Claim 10 There are at most three verticesin. Iz between every two consecutive ver-

ticesinig.

Proof of Claim 10.Let P be the path ifi” between two consecutive branch
vertices. Assume in contradiction that there are at leastrion-branch ver-
tices in P. Assume thafu, v, v, w} are the first four vertices in this path.
We assume that these four vertices are ordered from lefgtd, rgiving an

orientation to the tree. Letbe the root of the tre€'.

By Reduction Rule 1, there are no bridges in a reduced inst@ner, k). In

particular, the edgév, v') € E cannot be a bridge i&'. Hence, by Reduction
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Rule 2, there exists at least one non-tree edge between’ and a vertex
x in G. Without loss of generality assume that vertex'isWe are going to

analyze all possible cases for the position of vertex

- Vertexz cannot be irO as there are no non-tree edges between vertices in

I and vertices irO by Claim 2. Thusc must be either id or in L.

- Vertexz cannot be in the subtree to the leftwofT, as otherwise a tre@’
can be constructed by addirig, v') to 7" and removing u, v) as shown in

Figure 3.7.

Figure 3.7: Transformation frofh to 7" whenz is in 7T,.

The resulting tre€” is a new witness tree. In the worst caseas a leaf and
we have lostr as a leaf of the tree, but gained two leaves, nameiydv.
Thus,(G,r, k+ 1) is YESinstance for ANNOTATED MAX LEAF SPANNING

TREE, contradicting the hypothesis of Lemma 3.3.

- Vertexx cannot be internal iff;,, as otherwise a tré€’ can be constructed
by adding(z, v") to 7" and removindv’, w). In T" vertexw is a leaf and thus
(G,r,k+1)is YEsinstance for NNOTATED MAX LEAF SPANNING TREE,

contradicting the hypothesis of Lemma 3.3.

- Therefore the non-tree edge should be betwéemd a leafr € T,,. Let s’
be the parent aof in T. Two cases arise depending on the position,dhe

root of 7";

* The rootr is in the subtree to the left of, 7. A treeT’ can be con-

structed by addingz, v') to 7" and removing(z, z'). In T vertexx
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is still a leaf. However, the distance between the roahdz has de-
creased by at least two. All other distances froto the rest of leaves
in T" remain equal, and thus we have reached a contradiction kngth t

second inductive priority.

» The rootr is in the subtree to the right of, T,/ (see Figure 3.8). By
Reduction Rule 1, there are no bridges in a reduced instgrce k).
In particular, the edgéu,v) € E cannot be a bridge ifY. Hence, by
Reduction Rule 2, there exists at least one non-tree edgebst, or v
and a vertey in G. Using a symmetrical argument to the one described
above we can see thatannot be) or inT,,. Thus, there exists at least
one non-tree edge betweeror v and a vertexy in T,. Lety' be the

neighbor ofy in a pathP fromy tou in T

Figure 3.8: Transformation frorfi to 7" whenr isin T, .

A tree T" can be constructed by addinig, y) or (u,y) to 7" and re-
moving (y,y'). Sincer is in the subtred’,, all leaves in the subtree to
the left ofy/, T,/, are at the same distance from the root as they were
in T'. However, the distance between thand the leaves in subtree to
the right ofy has decreased by at least two. This contradicts the second

inductive priority.



3. MAX LEAF o7

Claim 11 The number of non-branching verticesliis at mosB(k — 3).

Proof of Claim 11 By Claim 9 there are at most-2 vertices in/z. There are
thus at most — 3 positions inl" where the non-branching vertices between
vertices inly could be placed. By Claim 10 there are at most three non-
branching vertices between every two verticeggn Thus, there are at most
3(k — 3) non-branching vertices between any verticegjn By Claim 8 no
non-branching vertices can occur between verticekimnd vertices inL.

Hence, the total number of non-branching vertices is at (@st- 3). O

The total number of vertices is thi§| = |L| + |Iz| + |1 \ Ig| + |O|. SinceT hask
leaves by the hypothesis in the boundary lemphé= k. By Claim 9,|Iz| < k — 2 and
by Claim 11,/7 \ I5| < 3(k — 3). The number of outsider§)|, is at most k£ by Claim
7.Thus|V| < k+k—2+3(k—3)+ 3k < 5.75k as stated by the boundary lemnia.

Now we prove Lemma 3.2. This lemma states thatGf r, k) is a reduced instance
with a catalytic vertex € V, and|V (G)| > 5.75k, then(G, r, k) is a YES-instance for

ANNOTATED MAX LEAF SPANNING TREE.

Proof of Lemma 3.2. (Kernelization Lemma Assume in contradiction to the stated
Lemma 3.2 that there exists a graph instafteer, k) of size|V(G)| > 5.75k which has

no k-leaf spanning tree.

Let ¥ < k be the largest’ for which (G, r, k') is a YES-instance. By the boundary

lemma we know thaffl’ (G)| < 5.75k" < 5.75k. This contradicts the assumption. O
ALGORITHM AND RUNNING TIME ANALYSIS

In the previous section we proved a kernel fatMOTATED MAX LEAF SPANNING TREE
of size5.75k in the number of vertices. In Table 3.2 we provide an algarito solve

MAX LEAF SPANNING TREE.



3. MAX LEAF 58

First, the algorithm applies Reduction Rules 1, 2 and 3. Hewthese rules are no
longer applicable, the instance does not contain vertitdegree one and two, then the
following theorem, first conjectured by Linial and Sturtevand proved in [KW91] by

Kleitman and West, applies:

Theorem 3.1 [KW91] Every connected grapi = (V, ) with minimum degree at least
three has a spanning tree with at Ie%sw + 2 leaves. Moreover, such a spanning tree

can be determined in polynomial time.

Therefore, if there are no vertices of degree twd-ithen the graph has a spanning tree
with &' > 1|V| + 2 leaves. Thus, if in the instandé€’, k) we have|V| > 4k — 8, then

k' > 4E=8 4 2 = k and we can answergs.

If there are vertices of degree two, then the algorithm sglaoy of themyp. Since the
instance is reduced under Reduction Rules 1, 2 and 3, bognlb@is ofv must have
degree at least three. Furthermore, at least one of thegelhwes must be internal to any
spanning tree fof, as otherwise the tree would not be connected. Thus, onewf thay
be chosen as the catalytic vertex. Once the catalytic vésteltosen we have a reduced
instance of AINOTATED MAX LEAF SPANNING TREE. This instance, as we showed in

the previous section, has a kernel of size at Mmd&ik.

In the algorithm we call the subroutine in Table 3.1 to cha®set ofk vertices inG' and

check whether they can be leaves of a ffeie G.

Step 1. Try all ways of choosing a set S of k vertices
in G.

Step 2. For each such set S check if:
2.1 VS is connected, and
2.2 VS is a domnating set.

Table 3.1: Subroutine to solve AX LEAF SPANNING TREE.
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Step 1. Apply Reduction Rules 1, 2 and 3 until they can
no | onger be appli ed.

Step 2. If there are no vertices of degree two in G,
t hen:
2.1 1f |[V(G)] > 4k — 8, then answer YES and
hal t .

2.2 Else, apply the subroutine in Table 3.1 and
go to Step 6.
Step 3. Else, if there exists a vertex v in V of degree
two, then let N(v) = {z,y}.
Step 4. Mke r = z and consi der the corresponding in-
stance of ANNOTATED MAX LEAF SPANNING TREE.
4.1 1f |V(G)| > 5.75k then answer YEs and halt.
4.2 O herw se de-catal yze the instance and
apply the subroutine in Table 3.1. |If
the answer is YES for any set S in the
subroutine, answer YEs and halt.
Step 5. Mke r = y and consi der the corresponding in-
stance of ANNOTATED MAX LEAF SPANNING TREE
51 If |[V(G)| > 5.75k then answer YES and halt.
5.2 O herw se de-catal yze the instance and
apply the subroutine in Table 3. 1.
Step 6. If the answer is YES for any set S in the sub-
routi ne, answer YES and halt.
Step 7. Else answer No and halt.

Table 3.2: T algorithm to solve M\xX LEAF SPANNING TREE.

Lemma 3.4 If G has n vertices, the subroutine in Table 3.1 can be solvechied(n?(7)).

Proof of Lemma 3.4.

A graphG with n vertices has a spanning tree witHeaves if and only ifG has a con-
nected dominating set of size— k. Thus if we can find a connected dominating set in
V'~ S then the graplé would certainly have a spanning tree with at ld&$tieaves, and

thus(G, k) would be a ¥es-instance for M\x LEAF SPANNING TREE.

Checking ifVV . S is connected can be done in linear timeg¥fi. Checking ifl” ~ S
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dominateg> requires to show if every element fhhas at least one neighbor $h Since
each element it¥ has at most: — 1 neighbors, dominance can be checked in quadratic
time inn. There are(Z) ways of choosing vertices in a set with vertices, and thus the

total running time for the subroutine @(n?(})). O

Lemma 3.5 TheMAX LEAF SPANNING TREE problem can be solved in ting@* (14.25%).

Proof of Lemma 3.5.

Step 1 Reduction Rule 1 can be performed in tif¥%| E|) as it is concerned with iden-
tifying bridges inG and then performing a constant-time operation. Reductiole R
can be performed only/| times. The action of making a clique out of the neighbors of
the vertex can be carried out in quadratic time and thus theimg time of this step is
o(V).

Reduction Rule 2 can be performed in tir¢%|1/|?). Once the graph is reduced under
Reduction Rule 1 there are no bridges in the graph so we ordd te find adjacent

vertices of degree two and then performing a constant-tipegadion.

Step 2 Checking if there are vertices of degree two can be donengali time in|V|.
Step 2.1 Checking if|V'| > 4k — 8 can be done in time linear i
Step 2.2 As we showed in Lemma 3.4, the time to run the subroutine?(g).
Since there are at mos$t — 8 vertices in the instance, the running time is bounded

by (4k)%(*"). Using Lemma 1.1 in Chapter 1, this is at most)? - 9.49%.
Step 3 This step can be performed in constant time.

Step 4 Making z the catalytic vertex can be done in constant time.
Step 4.1 Checking if|V'| > 5.75k can be done in time linear ity
Step 4.2 As we showed in Lemma 3.4, the time to run the subroutine?(g).
Since there are at most75k vertices in the instance, the running time is bounded
by (5.75k)2(*7°*). Using Lemma 1.1 in Chapter 1, this is at m@st5k)? - 14.25%,
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Step 5 The running time of Step 5 is exactly the same as the runming of Step 4,
O((5.75k)? - 14.25%).

Step 6 and Step 7 Steps 6 and 7 can be carried out in constant time.

The total running time of the algorithm is thd¥ |V |? + (5.75k)? - 14.25F)=0*(14.25%)

concluding the proof of Lemma 3.5. O

There exists an algorithm for Mk LEAF SPANNING TREE running in timeQ*(9.49%)
[BBWO3]. This chapter has been introduced in the thesisesingrovides the proofs for
the reduction rules sketched in [FM+00], giving the firstrayxde of an application to the

method of extremal structureith the use of catalytic vertices.
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NONBLOCKER

M OTIVATION

The problem of finding a dominating set of a given cardinaiitya graph, the Dmi-
NATING SET problem, is one of the oldest and most important combinatprioblems
on graph theory. The problem is NP-complete even when céstirto planar graphs with
maximum vertex degree three or to planar graphs that ardaregiudegree four [GJ79].
DOMINATING SET arises in numerous applications in countless fields, a#i¢elsby

books dedicated to this topic [HHS98].

The DOMINATING SET problem is not only NP-complete, but its optimization versi
has been proved hard to approximate [AC+99, GJ79]. Thislenols also intractable
when viewed as a parameterized problem [DF99]. Howeveptbiglem in which we are
asked to find a dominating set of size at m@st — £, NONBLOCKER (also known as
ENCLAVELESS SETS [HHS98]), is fixed-parameter tractable. McCartin give©q4%)

algorithm for this problem [McC03]. We use the following nedl parameterization of

NONBLOCKER:

NONBLOCKER

Instance: A grapli = (V, E) and a positive integer

Parameter: k

Question: Isthere a subsit C V of size at leaskt where for each vertex

u € V'thereisa € V \ V' such that the edge:, v) € E?
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The results presented in this chapter are joint work withéhiie, M. Fellows, H. Fernau
and F. Rosamond [DF+03].

REDUCTION RULES

A subset of vertice¥’ such that every vertex i’ has a neighbor itV ~. V' is denoted
anon-blocking setA vertexu in V' is said to be dominated by a vertexn V' ~ V' if
(u,v) € E.

The reduction rules offer a specific feature in the case ONBLOCKER: one of them
makes use of aatalytic vertexa vertex which we force to be outside the non-blocking
set. Hence, here we define the corresponding annotateceprobhter in this section we
will introduce a special de-catalyzation rule which willedate us to transform an instance

of ANNOTATED NONBLOCKER into an instance of NNBLOCKER.

ANNOTATED NONBLOCKER
Instance:  Agrapli = (V, E), a catalytic vertex and a positive integer
Parameter: £
Question:  Is there a subsEét C V' of sizek where for each vertex
u € V'thereisa € V ~\ V' such that the edge:, v) € F and

vertexcisinV ~ V'?

An instance of(G, k) NONBLOCKER with a catalytic vertex: is thus an instance of

ANNOTATED NONBLOCKER and is denotedG, c, k).

Reduction Rule 1 Let (G, ¢, k) be an instance oANNOTATED NONBLOCKER. Letv #

c be anisolated vertex i&¢. LetG' = G ~\ v. Transform(G, ¢, k) into (G, ¢, k).

Soundness Lemma 1Reduction Rule 1 is sound.
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Proof of Soundness Lemma 1If v is an isolated vertex af' different from
¢, then any non-blocking set i@ is also a non-blocking set ifi \. v and vice

versa, a® could never be inV"’. O

Reduction Rule 2 Let (G, k, ¢) be an instance oANNOTATED NONBLOCKER. Letv #
¢ be a vertex of degree one @ with N(v) = u. Transform(G, ¢, k) into (G', ', k — 1),

where:

s If u # cthenG' = Gy N v, i.6,,G" is the graph obtained by deletingand

mergingu andc into a new catalytic vertex = ¢ < .

C c'=U «cC

Figure 4.1: Reduction Rule 2 forMNOTATED NONBLOCKER.

¢ Ifu=cthenG' = G~ vandd =c.

Soundness Lemma 2Reduction Rule 2 is sound.

Proof of Soundness Lemma 2.

(=:) Let (G, ¢, k) be an instance of ANOTATED NONBLOCKER. LetV’ C
V(G) be a non-blocking set it with |V'| = k. The vertexv is a vertex of

degree one id-. Letu be the neighbor of in G. Two cases arise:
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1. If v € V' then it must have a neighbor I (G) ~ V' and thusu €
V(G)\V'. Deletingv will decrease the size &f' by one. Ifu = ¢, then
(G', ', k—1)is a YESinstance of ANOTATED NONBLOCKER. If u #
¢, mergingu ande will not affect the size of/’ as both vertices are now
inV(G") \V'. Thus,(G’, ¢, k — 1) is a YES-instance of ANOTATED

NONBLOCKER.
2. If v € V(G) ~\ V', then two cases arise:

2.1. Ifuis also inV(G) \ V' then deleting: does not affect the size of
V. Note that this argument is valid whether= ¢ or u # c.

2.2. Ifu € V' thenu # c. If we makev € V' andu € V(G) \ V',
the size ofl”’ remains unchanged. Sineedid not dominate any
vertices in the graph, this change does not affé¢t:) \ v, and

Case 1 now applies.

(«<:) Conversely, assume th@t’, ¢’, k—1) is a YES-instance of ANOTATED

NONBLOCKER. TwoO cases arise:

1. If u = ¢, then we can always plaeein V' and thug G, ¢, k) is a YES

instance for ANOTATED NONBLOCKER.

2. If u # ¢, getting fromG’ to G can be seen as (1) splitting the 